Abstract-A Small-Gain Theorem, which can be applied to a wide class of systems that includes systems satisfying the weak semigroup property, is presented in the present work. The result generalizes all existing results in the literature and exploits notions of weighted, uniform and non-uniform Inputto-Output Stability (IOS) property. Applications to partial state feedback stabilization problems with sampled-data feedback applied with zero order hold and positive sampling rate, are also presented.
I. INTRODUCTION
common feature of stability analysis for complex systems is the application of small-gain results. Smallgain theorems for continuous-time finite-dimensional systems expressed in terms of "nonlinear gain functions" have a long history (see [10, 25, 41, 42] and the references therein). A nonlinear small-gain result was presented in [10] , which allowed numerous applications to feedback stabilization problems. A common characteristic of current research on nonlinear small-gain results in Mathematical Systems Theory is the use of the notion of uniform Input-toState Stability (ISS), introduced by E.D. Sontag in [35] for systems described by Ordinary Differential Equations, or the notion of uniform Input-to-Output Stability (IOS), introduced by E.D. Sontag and Y. Wang in [37] and extended in [8] . Small-Gain theorems for discrete-time systems can be found in [11, 12, 13] .
Extensions of small-gain results were presented recently in the literature. A non-uniform in time small-gain theorem for continuous-time finite-dimensional systems was presented in [16] . Moreover, in [18, 38] small-gain results for wide classes of systems were provided. The classes of systems considered in [18, 38] satisfy the classical "semigroup property" (see [18, 19, 20, 36] ). Small-gain results for hybrid systems satisfying the classical "semigroup property" were recently presented in [24] .
An important feature of certain hybrid systems is that they do not satisfy the classical "semigroup property": for example, the solution ) (t x of a system  with initial  . Such systems arise when sampled-data feedback laws are applied to finite-dimensional control systems or when numerical discretization schemes are applied for the numerical solution of a system of ordinary differential equations. However, from a mathematical point of view, these structures cannot be considered as "systems" in the sense given in [14, 18, 36] . This feature has important consequences, since the researcher cannot use the tools developed in the context of systems theory and mathematical control theory. In [19, 20] the notion of a system was relaxed so that the "semigroup property" does not hold in a strict sense. Moreover, the modification introduced allows the results obtained in [18] to hold. Thus we are in a position to develop a complete stability theory, which covers the systems that satisfy the so-called "weak semigroup property".
The purpose of the present work is to present a small-gain result (Theorem 3.2), which  can be applied to a very general class of systems (including systems that do not satisfy the classical "semigroup" property).  unifies all existing results, which make use of uniform or non-uniform and weighted notions of Input-to-State Stability (ISS) or Input-to-Output Stability (IOS).  can be used directly for the solution of sampled-data feedback stabilization problems or problems of numerical stability of discretization schemes.  can be applied to uncertain time-varying systems with vanishing or non-vanishing perturbations.
We would like to emphasize the theoretical significance of our main result: it is a method for establishing qualitative properties expressed in a very general framework that unifies works from various fields as well as different stability notions. The contents of this paper are presented as follows. In Section II we provide the definitions of the notions used and several examples of systems that have the "Boundedness-Implies-Continuation" (BIC) property. In Section III the main result is stated. In Section IV, it is shown how the main result of the present work can be applied to a robust global stabilization problem for a certain class of systems with partial-state sampled-data feedback. Finally, Section V contains the conclusions of the paper. 
with the closed sphere of radius 0
we denote the closed sphere with radius 0
we denote the set of all functions
. By 0 u we denote the identically zero input.
The following convention will be adopted throughout the paper: the Cartesian product of two normed linear spaces Y X   : C will be considered to be endowed with the norm 
II. INPUT-TO-OUTPUT STABILITY IN A SYSTEM-THEORETIC FRAMEWORK
In this section we first give the notion of a control system with outputs. We emphasize that we consider control systems which do not necessarily satisfy the classical "semigroup property" (see [18, 36] ). 
Definition

2.1:
where 
2)
Identity Property:
3) Causality: For each
In order to develop stability notions for a control system with outputs we need to clarify the notions of an equilibrium point as well as certain other important notions and classes of systems that characterize the dynamic behavior of the system (see [18, 19] ).
Definition 2.2:
and integer k there exist inputs 
with outputs. We say that system  (i) has the "Boundedness-Implies-Continuation" (BIC)
property if for each 
if it has the BIC property and for every 0
is a robust equilibrium point from the input
It can be shown that control systems with the BIC property and a robust equilibrium point are:
are two locally bounded mappings with
that satisfy certain hypotheses which guarantee existence and uniqueness of solutions for (1).  Control Systems described by Functional Difference
is the "  R history" of x , f and H are locally bounded mappings with 0
, that satisfy certain hypotheses (see [4, 20, 33] ).  Control Systems described by Retarded Functional Differential Equations (RFDEs):
( Y is a normed linear space) are locally bounded mappings with 0
, that satisfy certain hypotheses which guarantee existence and uniqueness of solutions for (3) (see [4] ).  Hybrid systems with impulses at fixed times: 
represents the output of the system and V t u  ) ( represents the input vector (see [21] for technical hypotheses on the vector fields H R f , , that guarantee existence and uniqueness of the solutions for (4), as well as [5, 22, 23] for special classes of impulsive systems of the form (4)).
All the above examples are systems that satisfy the classical semigroup property, i.e., we have
The following example presents an important class of systems that do not satisfy the classical "semigroup property".
Example 2.5 (Hybrid systems with sampling partition generated by the system): Consider the class of systems described by impulsive differential equations of the form
is a triplet of vector fields that satisfy certain hypotheses which guarantee existence and uniqueness of solutions for (5) (see [19, 20] ).
Hybrid systems of the form (5) are considered in [19, 20] , where it is shown that for each and
there exists a unique piecewise absolutely continuous function
 , which is produced by the following algorithm:
Step i : 1) Given i  and 
Notice that the control system (5) fails to satisfy the classical semigroup property. Systems of the form (5) arise frequently in certain applications in mathematical control theory and numerical analysis. Specifically, they arise when i) a (not necessarily continuous) sampled-data feedback law (with possibly variable sampling rate) is applied to a finite-dimensional control system; state-dependent sampling rates were related in [2] with the classical work on discontinuous stabilizability in [1] while feedback stabilization problems with zero order hold and constant positive sampling rate were considered in [26] [27] [28] [29] [30] [31] [32] and Time-varying sampling rates were considered in [6, 7] ii) a numerical discretization method (with possibly variable integration step sizes) is applied in order to obtain the numerical solution of a given system of ordinary differential equations; see [3, 39] for the case of constant integration step sizes and [17, 19] for the case of variable integration step sizes A unified description of the above problems is presented in [19, 20] .  For control systems with the BIC property the following lemma provides a useful characterization of the RFC property. 
Lemma 2.6: System
Next we present the Input-to-Output Stability property for the class of systems described by Definition 2.1. 
ThC14.1  If there exist functions
, then  satisfies the UIOS property from the input
III. A SMALL-GAIN THEOREM FOR A WIDE CLASS OF SYSTEMS
In order to present our main result, we need to clarify the notion of the feedback interconnection of two control systems. In order to guarantee the existence of a set of sampling times for the composite system, we assume that the sampling times of the composite system are the common sampling times of the interconnected subsystems. The details are given in the following definition.
be control systems with outputs 
, where
"there exists a pair of external inputs
Moreover, let Y be a normed linear space and
is a control system with outputs and the BIC property, for which X  0 is a robust equilibrium point from the input
. Then system  is said to be the feedback connection or the interconnection of systems 1  and 2  .
It should be emphasized that the feedback interconnection of two systems may create a system, which has different qualitative properties from each of the interconnected subsystems. For example, if we interconnect a subsystem described by RFDEs with a hybrid subsystem with impulses at fixed times, then the overall system will be a system with both "memory" and impulses (discontinuous systems described by RFDEs-see [40] ). We are now in a position to present our main result. 
ThC14.1
(H4) There exists a function N  a such that the following inequality holds for all 
This particular case coincides with the prior result of the nonlinear ISS Small-Gain Theorem presented in [10] for control systems described by ODEs. It is clear that Theorem 3.2 takes into account all possible cases (weights, nonuniformity with respect to initial times) and it is applicable to a very wide class of systems.
is identically zero, it follows that hypothesis (H3) is automatically satisfied. This is the case of systems in cascade (see [10] ). On the other hand, if
. This is the case of the classical Small-Gain Theorem. 
. The problem we consider is the robust global stabilization problem for (17) , (18) with sampled-data feedback applied with zero order hold and depending only on 
satisfies the ISS property from the inputs ) , ( w u . Notice that the input w has been introduced in order to quantify the uncertainty in sampling times, i.e., we have to guarantee stability properties for the closed-loop system (17), (19) for all sampling schedules of diameter less than or equal to 0  r . To this purpose we make the following assumptions:
(A1) System (17) satisfies the WISS property from the inputs x and u . Specifically, there exist functions
the solution of (17) with initial condition 
Next we show that the problem of robust global stabilization problem for (17) , (18) 
V. CONCLUSIONS
A Small-Gain Theorem, which can be applied to a wide class of systems that includes systems that satisfy the weak semigroup property, is presented in the present work. The result generalizes all existing results in the literature and exploits notions of weighted, uniform and non-uniform Input-to-Output Stability (IOS) property. Applications to partial state feedback stabilization problems with sampleddata feedback applied with zero order hold and positive sampling rate, are also presented. It should be emphasized that sampled-data control systems cannot be handled with Small-Gain results that have appeared so far in the literature, ThC14.1 since sampled-data control systems do not satisfy the classical semigroup property.
